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Abstract: The centrifuge technique (CT) is widely used across hydrology, petrophysics, and related disciplines to measure 

the water retention/capillary pressure curves, but standard data inversion methods lack uncertainty quantification and often 

cannot guarantee solution uniqueness. To address this, we present a novel Bayesian framework for inverting CT data that 

explicitly accounts for experimental uncertainties, provides confidence intervals, quantifies parameter covariance, and 

analyzes solution uniqueness. The framework was validated against synthetic first-drainage data (the desorption curve) 

across various curve shapes and noise levels, successfully recovering true capillary pressure curves. Application to 

experimental core samples of Indiana Limestone, Silurian Dolomite, and Upper Gray Berea yielded highly consistent 

results, demonstrating the framework’s practical reliability. The approach also facilitates crucial non-uniqueness analyses, 

identifies parameter correlations, and offers strategies for improved solution stability. To promote transparency, 

reproducibility, and cross-disciplinary collaboration, the complete framework is publicly available as an open-source code 

on GitHub. 

 

Keywords: Capillary Pressure Curve; Centrifuge Method; Uncertainty Quantification; Solution Uniqueness; Bayesian 

Inference. 

 
1 INTRODUCTION 

 

The capillary pressure or soil water retention curve is a 

fundamental constitutive relationship necessary for quantifying 

and simulating water storage and movement within the vadose 

zone (van Genuchten, 1980; Elango and Perkins, 2011; 

Rasoulzadeh et al., 2025). To align with standard conventions in 

soil science and hydrology, capillary pressure (𝑃𝑐 ) is defined 

throughout this work strictly as a positive quantity (analogous to 

matric suction in unsaturated soils). Other applications use 𝑃𝑐 

curves in their modeling, such as carbon capture and storage (Di 

et al., 2025), contaminant transport in porous media (McCray 

and Falta, 1997), hydrocarbon reservoir management (Arab et 

al., 2021), and fluid infiltration into roads and building materials 

or other natural or engineered porous media (e.g., Aslannejad, 

2017; Brunetti et al., 2016; Koubaa et al., 2018; Liu et al., 2025; 

Tavangarrad et al., 2019).  

Since Hassler and Brunner (1945) introduced the centrifuge 

technique (CT) as an alternative to existing approaches for 

measuring the capillary pressure curve, centrifuge methods have 

evolved and become far more popular. The CT has been used to 

extend the measurement range of unsaturated hydraulic 

properties (Turturro et al., 2022), the first drainage curve 

(McPhee et al., 2015), the imbibition curve for core flooding 

support (Berg et al., 2021; Maas et al., 2019), and the USBM 

(U.S. Bureau of Mines) methodology to measure the wettability 

of petroleum reservoir rocks (e.g., Anderson, 1986). Similar CT 

approaches have been developed within the soil and hydrologic 

sciences (e.g., Conca and Wright, 1998; Nimmo and Mello, 

1991; Šimůnek and Nimmo, 2005). 

Centrifuge techniques require inverting the average to the 

inlet-face fluid saturations of a sample (Forbes, 1994). Eq. 1 

provides the relationship between the average and local water 

saturation for the first drainage case: 

 

𝑆𝑤̅̅̅̅ =
1

(𝑟2−𝑟1)
∫ 𝑆𝑤(𝑟)𝑑𝑟
𝑟2

𝑟1
            (1) 

 

where 𝑆𝑤̅̅̅̅  is the average water saturation expressed as the 

fraction of the porous media volume occupied by the water, 𝑟1 

and 𝑟2  are the distances, in centimeters, between the axis of 

rotation and the sample bases (i.e., the inner and outer radii), and 

𝑆𝑤(𝑟) is the local saturation as a function of position 𝑟 (see also 

Fig. 1). Several techniques have been proposed to solve Eq. 1. In 

a survey, Forbes (1997) used synthetic data (simulated 

experimental outputs generated using a synthetic capillary 

pressure curve derived from a known correlation) to evaluate the 

accuracy of available methods. He found that the second solution 

of Forbes (1994) and an inverse approach using cubic splines 

(Nordtvedt and Kolltveit, 1991) best represented this data. 

While valuable, the approaches by Forbes (1994) and 

Nordtvedt and Kolltveit (1991) do not consider experimental 

uncertainties or estimate confidence intervals (CI). Additionally, 

using spline parameterization may raise concerns about the 

physical significance of the parameters. To improve the 

estimation of CT derived capillary pressure curves, we propose 

a new framework for centrifuge data inversion that accounts for 

experimental uncertainties, confidence intervals, and parameter 

covariance. The framework is based on Bayesian inference and 

can handle any parameterization in the form of 𝑆𝑤 = 𝑓(𝑃𝑐), i.e., 

of water saturation as a function of 𝑃𝑐 . In this work, we 

demonstrate the framework using the van Genuchten (1980) 

parameterization for both synthetic and experimental first 

drainage data.  
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2 MATERIAL AND METHODS 

2.1 The inversion framework  

 

The proposed framework is illustrated in Fig. 2. The model 

library contains capillary pressure correlations of Brooks and 

Corey (1964), van Genuchten (1980), and Chen (1992). The van 

Genuchten correlation was implemented for both unimodal and 

bimodal pore size distributions following the work of Durner 

(1994). Implementation of the framework requires information 

about the core properties, such as dimensions and pore volume, 

the fluid density, and the centrifuge inner and outer radii (𝑟1 and 

𝑟2). The framework data input parameters are the angular speeds 

and the associated displaced fluid productions. Additionally, the 

framework can receive prior parameter knowledge if available. 

The computational implementation uses the emcee package 

(Foreman-Mackey et al., 2013), a Python-based ensemble 

sampler with multiple chains to sample several target probability 

distributions. Emcee offers flexible sampling options, ranging 

from the traditional Metropolis-Hastings algorithm (Hastings, 

1970) to a more recent kernel-density-based algorithm (Farr et 

al., 2020). 

The log-probability function in our framework considers the 

log-prior (if available) and the log-likelihood distributions given 

by: 

 

log 𝑃(𝜃|𝑑𝑎𝑡𝑎) = log 𝑃(𝜃) + log 𝐿(𝜃)          (2)

  

 

𝑙𝑜𝑔 𝐿(𝜃) = −
1

2
∑ (

𝑆𝑤̅̅ ̅̅ 𝑚𝑜𝑑𝑒𝑙,𝑖−𝑆𝑤
̅̅ ̅̅

𝑑𝑎𝑡𝑎,𝑖

𝜎
)
2

−
𝑁

2
𝑙𝑜𝑔(2𝜋𝜎2)𝑁

𝑖=1          (3) 

 

𝑙𝑜𝑔 𝑃(𝜃) = −∑
1

2
(
𝑥−𝜇𝑥

𝜎𝑥
)
2

𝑥∈𝜃            (4) 

 

where 𝜃 is the parameter vector, 𝑃(𝜃|𝑑𝑎𝑡𝑎) is the probability of 

𝜃 given the available experimental data, 𝑃(𝜃) is the prior, 𝐿(𝜃) 
is the likelihood, 𝜎  is the estimated standard deviation of the 

experimental data, 𝑁  is the number of observations, 𝜇𝑥  is the 

prior mean for the parameter 𝑥 , and 𝜎𝑥  is the prior standard 

deviation for the parameter 𝑥. 

The Python implementation is highly parallelizable and uses 

Numba’s just-in-time class compiler for acceleration 

(http://numba.pydata.org), allowing sampling 50,000 states in 

under 2 minutes on an average laptop computer (10th Gen Core 

i7, 6-core, and 16 GB of RAM) running Ubuntu 24.04. 

 

 
Fig. 1. Schematics of first drainage in the centrifuge: r1 is the inner radius, r2 is the outer radius, L is the core sample length, ω is the 

centrifugation speed, Sw is the water saturation and Pc is the capillary pressure. Adapted from Albuquerque et al. (2018). 

 

 
Fig. 2. Proposed framework for centrifuge data inversion. The model library needs experimental observations and conditions. Additionally, 

prior parameter knowledge can be informed. The framework provides parameter uncertainty, model uncertainty, and sensitivity analysis. 
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2.2 Synthetic First Drainage Data 

 

The framework was first validated using synthetic data. Three 

curve shapes were used to generate synthetic first drainage 

laboratory data (Fig. 3). The curve shapes were generated using 

the capillary pressure curve of van Genuchten (1980) given by: 

 

𝑆𝑤𝑑 = [
1

1+(𝛼𝑃𝑐)
𝑛
]
𝑚

             (5) 

 

 

𝑆𝑤𝑑 =
𝑆𝑤−𝑆𝑤𝑖

1−𝑆𝑤𝑖
             (6) 

 

where 𝑆𝑤𝑑 is the dimensionless water saturation (equivalent to 

soil water content, 𝜃 ), 𝛼 , 𝑚 , and 𝑛  are the correlation 

parameters, and 𝑆𝑤𝑖  is the irreducible or residual water 

saturation. The parameters of each shape in Fig. 1 are presented 

in Table 1. 

 

 
Fig. 3. Curve shapes used to generate synthetic centrifuge data and 

validate the Bayesian framework. 

 
Table 1. Parameters used to generate curve shapes for the synthetic 

data. 

 

Parameter Shape 1 Shape 2 Shape 3 

𝛼 (1/bar) 1.3797 1.6767 1.6809 

𝑚 1.0000 0.5251 0.2981 

𝑛 5.0000 3.6596 5.4705 

𝑃𝑑 (bar) 0.0000 0.2068 0.3447 

𝑆𝑤𝑖  0.15 0.20 0.25 

 

To generate the average saturation data, Eq. 1 was written in 

terms of capillary pressures as suggested by Forbes (1994): 

 

𝑆𝑤̅̅̅̅ (𝑃𝑐𝑚𝑎𝑥) =
1+√1−𝐵

2
∫

𝑆𝑤(𝑥𝑃𝑐𝑚𝑎𝑥)

√1−𝐵𝑥
𝑑𝑥

1

0
           (7) 

 

𝐵 = 1 − (
𝑟1

𝑟2
)
2

             (8) 

where 𝑃𝑐𝑚𝑎𝑥  is the maximum capillary pressure on the core 

sample at centrifugation speed (𝜔 ), 𝐵  is a geometric factor 

depending on the centrifuge outer radius (𝑟2) and the core sample 

length, (𝐿), 𝑟1 = 𝑟2 − 𝐿 , and 𝑥  is an integration variable. The 

𝑃𝑐𝑚𝑎𝑥 was calculated using:  

 

𝑃𝑐𝑚𝑎𝑥 =
1

2
𝜔2Δ𝜌(𝑟2

2 − 𝑟1
2)            (9) 

 

in which Δ𝜌 is the density difference between the displaced and 

the displacing fluids. 

Physical properties used to generate the synthetic data are 

based on a commercial ultracentrifuge by Core Lab Instruments 

and real rock and fluid properties (see Table 2). Random 

Gaussian noise was added to the synthetic data to avoid 

committing the inverse crime (Wirgin, 2004) and to evaluate the 

methodology’s robustness, i.e., its sensitivity to experimental 

noise. An inverse crime occurs when the same (or close to the 

same) parameter values are used to synthesize as well as to invert 

data in an inverse problem. The noise levels assessed were 1.0, 

2.5, and 5.0 saturation units (s.u.) These values represented the 

standard deviation of a Gaussian distribution given by 

 

𝑆𝑤̅̅̅̅ 𝑛𝑜𝑖𝑠𝑦 = 𝑆𝑤̅̅̅̅ 𝑡𝑟𝑢𝑡ℎ +𝒩(0, 𝜎𝑛𝑜𝑖𝑠𝑒)         (10) 

 

where 𝑆𝑤̅̅̅̅ 𝑛𝑜𝑖𝑠𝑦 is the average water saturation with added noise, 

𝑆𝑤̅̅̅̅ 𝑡𝑟𝑢𝑡ℎ  is the true average water saturation, 𝒩  is the normal 

distribution and σnoise is the noise level. 

 

2.3 Experimental First Drainage Data 

 

After validating the framework with synthetic data, we 

analyzed the centrifuge experiments of three core outcrops 

purchased from Kocurek Industries. Petrophysical properties of 

the cores are presented in Table 3. The core samples were fully 

saturated with brine (200 g/l of NaCl), and isoparaffinic oil was 

used to displace the brine. The experiments were performed at 

ambient temperature using the ACES-300 automated centrifuge 

of Core Laboratories. The experimental conditions and results 

are presented in Tables 4 and 5, respectively. 

Standard deviations of the experimental data were estimated 

using derivative propagation as recommended by the Bureau 

International des Poids et Mesures (BIPM et al., 2008): 

 

𝑦 = 𝑓(𝑥1 ± 𝜎𝑥1, 𝑥2 ± 𝜎𝑥2 , 𝑥3 ± 𝜎𝑥3, … )         (11) 

 

𝜎𝑦 = √(
𝜕𝑓

𝜕𝑥1
𝜎𝑥1)

2

+ (
𝜕𝑓

𝜕𝑥2
𝜎𝑥2)

2

+ (
𝜕𝑓

𝜕𝑥3
𝜎𝑥3)

2

+⋯        (12) 

 

where 𝑦 is a variable of interest, determined by a function 𝑓 , 

which takes as arguments the variables 𝑥𝑖=1,2,3,… , 𝜎𝑦  is the 

standard deviation of the variable 𝑦, while 𝜎𝑥𝑖 are the standard 

deviations of the variables xi=1,2,3,…. The average standard 

deviations across the three experiments ranged from 3 to 4 s.u.; 

the results are presented in Fig. 4. 

 

2.4 Optimization strategy 

 

To ensure comprehensive sampling and assess the uncertainty 

of our estimated parameters, we employed a mixed ensemble 

sampling, with 50% of the steps utilizing the stretch move of 

Goodman and Weare (2010) and 50% utilizing a kernel-density-

based move (Farr et al., 2020). 

The ensemble size is ten times the number of estimated 

parameters, i.e., 50 walkers for the van Genuchten correlation 

(1980). The walkers were uniformly initialized across the entire 

range of each parameter (Table 5). This broad initialization 

strategy ensures that the Markov Chain Monte Carlo (MCMC) 

algorithm begins with a wide exploration of parameter space, 

minimizing bias from initial guesses and facilitating a thorough 

marginalization of the parameter distributions. 
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Fig.4. Experimental data and estimated noise level (σ) for the Indiana Limestone, Silurian Dolomite, and Upper Gray Berea core samples. 
 
 
Table 2. Physical properties used to generate the synthetic experimental data. 

 

Parameter Value 

Core Length (cm) 5.00 

Core Diameter (cm) 3.81 

Core Porosity (%) 20.0 

Water Density (g/cm³) 1.141 

Oil Density (g/cm³) 0.845 

External Radius (cm) 9.13 

Internal Radius (cm) 4.13 

Angular Speeds (rpm) 
300, 450, 600, 750, 1000, 1250, 1500, 1750, 2000, 2500, 3000, 3500, 4000, 4500, 5000, 

5500, 6000, 6500, 7000, 7500, 8000, 8500, 9000 
 

 
 

Table 3. Routine core analysis of the outcrops. 

 

Core Lithology 
Length 

L (cm) 

Diameter 

D (cm) 

Permeability 

k (mD) 

Porosity 

ϕ (%) 

1 Indiana Limestone 5.02 3.77 84.3 19.1 

2 Silurian Dolomite 5.00 3.79 242 15.9 

3 Upper Gray Berea 4.94 3.74 170 19.1 
 

 
 

Table 4. Experimental conditions for the drainage centrifugation experiments. 

 
Brine Density (g/cm³) 1.1407 

Oil Density (g/cm³) 0.8450 

Initial Water Saturation (%) 100 

Corelab’s ACES-300 External Radius – 𝑟2 (cm) 9.13 
 

 
 

Table 5. Results of the drainage centrifugation experiments. The first line (0 rpm) shows the dead volume, which should be discounted 

from each reading. 

 

Angular Speed (rpm) 
Water Production (cm³) 

IL SD UGB 

0 8.00 8.00 8.00 

600 8.32 10.82 8.21 

750 8.57 10.83 8.23 

1000 10.99 12.66 8.34 

1500 12.24 14.31 11.58 

2000 12.92 15.08 13.40 

4000 13.80 15.80 15.73 

6000 14.69 16.16 16.53 

8000 15.71 16.13 16.64 

10000 16.32 16.12 16.86 
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Table 6. Parameter marginalization ranges used for the van Genuchten model (1980). 

 

Parameter Minimum Maximum 

𝛼 (1/bar) 0.01 10 

𝑚 0 10 

𝑛 0 10 

𝑃𝑑 (bar) 0 1 

𝑠𝑤𝑖  0 1 
 

 

To refine the quantification of uncertainties, we explored two 

distinct optimization strategies. The first approach involved a 

direct MCMC sampling run without any prior information. In 

this scenario, the MCMC solely relied on the likelihood function, 

which quantifies the agreement between the model predictions 

and the observed data. 

The second strategy introduced a sequential optimization step 

to inform the MCMC sampling process. For this, we first 

performed a Least Squares (LS) optimization to obtain an initial 

set of optimal parameter values and their corresponding standard 

deviations. We used the Python package LMFIT (Newville et al., 

2014) to perform the LS step. To mitigate potential initialization 

bias in the LS fit, we conducted 50 independent LS 

optimizations, each starting from a random initialization. From 

these 50 runs, we selected the one that yielded the best overall 

fit. These optimized results were used next to construct a prior 

distribution for the subsequent MCMC run, specifically as a 

Gaussian distribution. 

A critical advantage of the invoked sequential approach is its 

adaptive nature. If the LS optimization yields a poor fit to the 

data, the calculated standard deviations for the parameters will 

be inherently high. The large standard deviation will translate 

directly into a weak or broad prior distribution for the MCMC, 

resulting in minimal influence on the sampling process. In such 

cases, the MCMC will still predominantly rely on the likelihood 

function of the data, maintaining the integrity of the posterior 

distribution even when the initial LS fit is suboptimal. This 

allows the MCMC to effectively explore parameter space 

without being unduly constrained by an inaccurate initial 

optimization. 

Our framework offers significant flexibility as a user can 

readily incorporate prior information, if available, from other 

experiments (e.g., of the core sample itself or of a twin sample). 

This external information can directly replace the LS-derived 

prior with minimal modifications to the codebase, enabling 

seamless integration of diverse data sources into the MCMC 

sampling process. 

 

2.5 Metrics for evaluating the results 

 

To evaluate the quality of our results, we employed four 

distinct metrics. One concerns the Fréchet distances between the 

true and the estimated curves (Driemel et al., 2024), which 

quantify the overall similarity in curve shapes. This metric is 

available only for the synthetic data; the other three metrics can 

be applied to both synthetic and actual laboratory experiments. 

The second metric is the reduced chi-squared statistic, 𝜒𝜈
2, which 

provides a measure of the goodness of fit between model 

predictions and the observed data relative to the expected 

variance. The reduced chi-squared is given by: 

 

𝜒𝜈
2 =

∑ (𝑅𝑠𝑑𝑖)
2𝑖=𝑁

𝑖=1

𝑁−𝑁𝑝𝑎𝑟𝑎𝑚𝑠
           (13) 

 

where 𝑁 is the number of available data points, 𝑁𝑝𝑎𝑟𝑎𝑚𝑠 is the 

number of estimated parameters, and 𝑅𝑠𝑑𝑖  are the standardized 

residuals. 

The third metric is the width of the CI at 95% (measured as 

the Fréchet distance between the 2.5% and the 97.5% 

percentiles), which reflects the degree of uncertainty in the curve 

estimate. As the fourth metric, we use the covariance between 

parameters, which evaluates the correlation among the estimated 

parameters and can indicate the uniqueness of the solution. 

 

3 RESULTS AND DISCUSSION 

3.1 Synthetic First Drainage Data 

 

The framework was used to evaluate 18 problems: 3 curve 

shapes, 3 noise levels, and 2 optimization strategies. A summary 

of the metrics for all 18 cases is presented in Table 7. When 

comparing the optimization strategies, it becomes clear that 

incorporating prior information from the LS optimization leads 

to improvements across all metrics. Fig. 5 presents box plots for 

this comparison, while Fig. 6 illustrates the comparison by 

presenting the recovered curves for shape 1. 

   

 
Fig. 5. Box plots comparing the optimization strategy’s impact on the metrics used to evaluate the recovery of the ground-truth capillary 

pressure curve. 
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Fig. 6. Comparison of the optimization strategy for curve shape 1 and all noise levels. The estimation using prior information form LS 

optimization presented better results than the uninformed estimation. 

 

 
Table 7. Summary of the results of the synthetic study. The Fréchet distance and the Confidence Interval (CI) width, and reduced chi-

squared (χ_ν^2) were calculated for the local saturation curves. 

 

Curve Noise Level Optimization Fréchet distance CI Width 𝝌𝝂
𝟐 

Shape 1 1.0 s.u. Uninformed 0.0661 0.1005 8.77 

Shape 1 1.0 s.u. Prior Given 0.0168 0.1290 16.82 

Shape 1 2.5 s.u. Uninformed 0.0871 0.2108 42.39 

Shape 1 2.5 s.u. Prior Given 0.0568 0.1790 39.61 

Shape 1 5.0 s.u. Uninformed 0.2247 0.3293 37.15 

Shape 1 5.0 s.u. Prior Given 0.2167 0.3167 28.92 

Shape 2 1.0 s.u. Uninformed 0.0225 0.1087 26.31 

Shape 2 1.0 s.u. Prior Given 0.0230 0.1559 14.86 

Shape 2 2.5 s.u. Uninformed 0.0298 0.2424 83.66 

Shape 2 2.5 s.u. Prior Given 0.0363 0.1788 40.74 

Shape 2 5.0 s.u. Uninformed 0.1109 0.3738 120.35 

Shape 2 5.0 s.u. Prior Given 0.1565 0.3905 61.11 

Shape 3 1.0 s.u. Uninformed 0.0443 0.0941 19.43 

Shape 3 1.0 s.u. Prior Given 0.0218 0.0875 5.34 

Shape 3 2.5 s.u. Uninformed 0.1114 0.1815 93.78 

Shape 3 2.5 s.u. Prior Given 0.0274 0.2024 32.69 

Shape 3 5.0 s.u. Uninformed 0.1040 0.3285 87.41 

Shape 3 5.0 s.u. Prior Given 0.0523 0.2493 46.23 
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The optimization strategy that uses prior information 

performed better for all metrics considered. Even with a low 

noise level of 1 s.u., which is unattainable in actual laboratory 

settings, prior information yielded better results than the 

uninformed strategy. Given the superior performance of 

incorporating prior information from the LS optimization, the 

effects of curve shape and noise level will be examined, while 

results from the uninformed strategy will be ignored. 

Fig. 7 shows how the noise level affects the recovery of the 

capillary pressures. As expected, higher noise levels worsen all 

three metrics. Our framework produced consistent results across 

the entire range of noise levels evaluated, from the unrealistic 

low noise level of 1.0 s.u. to automated centrifuge noise levels 

of 2.5 to 5.0 s.u. Centrifuges that rely on visual level readings 

may have higher errors, in the order of 10 to 15 s.u., due to 

parallax errors or poor stabilization time (Fernø et al., 2007). In 

this range, even our robust approach would fail to recover the 

actual capillary pressure curve, as demonstrated in Fig. 8 for all 

curve shapes using an error of 12.5 s.u. 

Our approach analyzed a reasonable range of first drainage 

shapes. The effect of curve shape on the recovery of the capillary 

pressure curves is presented in Fig. 9. The Fréchet distance 

indicates that shape 3 had the best result, followed by shapes 2 

and 1. However, this may be a limitation of the correlation rather 

than of the framework itself. For example, shape 1 was recovered 

using Chen’s second correlation (1992), yielding better results, 

as shown in Fig. 10. 

Before moving from synthetic datasets to real experiments, 

we emphasize that the first metric is only applicable to synthetic 

datasets. We examined the relationship between the available 

metrics shown in Fig. 11 and found a good correlation between 

the CI and the Fréchet distances (R² = 0.71). The correlation 

between the CI and the 𝜒𝜈
2 is also reasonable (R² = 0.62). Given 

the good correlation, the second and third metrics should suffice 

for the experimental datasets evaluation. 

   

 
Fig. 7. Box plots comparing the noise level’s impact on the metrics used to evaluate the recovery of the ground-truth capillary pressure 

curve (only data with prior information considered). 
   

   
Fig. 8. Recovered curves for all three shapes using a noise level of 12.5 s.u. It is possible to observe poor agreement, even using priors. 

 

 
Fig. 9. Box plot comparing the curve shapes’ impact on the metrics used to evaluate the recovery of the ground-truth capillary pressure 

curve (only data with prior information considered). 
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Fig. 10. Comparison between the van Genuchten and Chen parameterizations: Recovery of curve shape 2 with noise level of 2.5 s.u. The 

Van Genuchten correlation Fréchet distance was 0.0266, while the Chen correlation Fréchet distance was 0.0156. 

 

 
Fig. 11. Metric distributions and their correlations. Good correlations exist between the Fréchet distances and the Confidence Intervals (CI) 

width, and between the reduced chi-squared and the CI width. This supports the use of the CI width and the reduced chi-squared as proxy 

metrics for the Fréchet distances. 

 

3.2 Experimental first drainage data 

 

The validated workflow was used to recover the capillary 

pressure of three centrifuge experiments. Fig. 12 presents the 

recovered capillary pressure curves (𝑃𝑐 -𝑆𝑤 ) for the Indiana 

Limestone, Silurian Dolomite, and Upper Gray Berea core 

samples, while Table 8 presents a summary of the metrics for the 

three experiments. Notice that the CI widths observed for all 

experimental samples are comparable to the best results achieved 

with the synthetic data. Given the strong correlation between the 

CI width and the Fréchet distance demonstrated previously (R² = 

0.71) and the robustness of the framework, we assume that the 

𝑃𝑐 curves were consistently recovered. 

Another feature of the framework is its ability to check for 

solution uniqueness and parameter correlations. Fig. 13 presents 

the posterior distributions of the parameters and a cross-plot of 

parameter pairs. We can observe 𝛼  and 𝑚  have wider 

distributions than the other parameters and are also the pair with 

the strongest correlation. 

A customary practice is to fix one of the two parameters and 

let the other vary freely. The parameter 𝛼 was set to 5.0, and the 

framework was executed again; the new results are presented in 
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Figs. 14 and 15. The excessive parameter correlation was 

eliminated, and all distributions became more normal-like. The 

cross-plots became rounder, eliminating the elliptical aspect. 

These results are strong indicators of improved solution 

uniqueness (Berg et al., 2021). 

 
 
Table 8. Summary of the results from the experimental datasets. The Confidence Interval (CI) widths were calculated for the local 

saturation curves. 

 

Core Lithology Estimated Noise Level CI Width 𝝌𝝂
𝟐 

1 Indiana Limestone 3.30 0.1282 3.51 

2 Silurian Dolomite 3.94 0.1995 3.10 

3 Upper Gray Berea 3.42 0.1989 0.41 
 

  
   

   
Fig. 12. Recovered capillary pressure for: a) Indiana Limestone, b) Silurian Dolomite, and c) Upper Gray Berea. 

 

 
Fig. 13. Parameters’ posterior distribution and cross-plot for the Upper Gray Berea. The solid red lines are the distribution median 

(percentile = 50%), and the dashed red lines delimit the 95% confidence interval for the parameter. The r2 score indicates parameter 

correlations. 
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Fig. 14. Comparison of the recovered capillary pressure curves for the Upper Gray Berea experiment with and without fixing the parameter 

α at 5.0 bar -1. Reducing the number of parameters to be estimated reduced significantly the CI width. 

 

 
Fig. 15. Parameter posterior distributions and cross-plots for the Upper Gray Berea sample with parameter α fixed at 5.0 bar -1. The solid 

red lines are the distribution median (percentile = 50%), and the dashed red lines delimit the 95% confidence interval for the parameter. 

Reducing the number of parameters to be estimated turned the cross-plots rounder, eliminating the elliptical aspect. This is a strong indicator 

of improved solution uniqueness. 

 

 

4 CONCLUSIONS 

 

This study presents a novel and versatile framework for the 

inversion of centrifuge data into capillary pressure curves, 

specifically designed to account for experimental uncertainties, 

provide Confidence Intervals (CI), quantify parameter 

covariance, and analyze solution uniqueness. The framework 

was initially validated using synthetic first drainage data across 

various curve shapes and noise levels. Key findings from this 

validation are the reliability of the optimization strategy, the 

robustness of the framework for errors between 1.0 and 5.0 s.u., 

and the strong agreement observed between the Fréchet distance 

and the CI width metrics, with a notable correlation coefficient 

(R²) of 0.71. This strong correlation provides a robust indicator 

that the CI width, which applies to both synthetic and real 

experimental data, can reliably serve as a proxy for the overall 

accuracy of the recovered capillary pressure curves. 

After successful validation, the framework was applied to real 

experimental first drainage data obtained from three distinct core 

outcrops: Indiana Limestone, Silurian Dolomite, and Upper Gray 
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Berea. Application to these real-world scenarios demonstrated 

the framework’s practical utility and effectiveness in recovering 

capillary pressure curves with significant reliability. The CI 

widths obtained from the experimental data were consistent with 

the best results achieved during the synthetic data validation, 

thereby further reinforcing the framework’s capability to handle 

the inherent complexities and uncertainties typical of actual 

laboratory measurements and, hence, its promise for improving 

centrifuge measurements in the soil, hydrology, and petrophysics 

disciplines. 

A critical aspect of the proposed framework is its capability 

to perform uniqueness analysis and assess parameter 

correlations. We demonstrated how to handle potential non-

uniqueness issues, such as strong parameter correlations and 

wide posterior distributions. This in-depth analysis of parameter 

space and uncertainty propagation significantly advances over 

traditional methods by offering a more complete picture of the 

inversion results.  

To foster transparency, reproducibility, and collaborative 

development within the scientific community, the entire 

framework, including all computational implementations, is 

publicly available as an open-source code on GitHub 

(https://github.com/felipeeler/centrifuge). This open-source 

release will significantly benefit the soil, hydrology, and 

petrophysics communities by providing a powerful and flexible 

tool for uncertainty quantification of capillary pressure curve 

experiments. The code has a step-by-step tutorial on how to use 

it. 
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